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interested in mathematical structures

with two components

morphisms act on both components
in the same direction

from Park's retrocells

-

retromorphisms act on them in

opposite directions
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=XAMPLE: CATEGORIES

2 A
5

B *TAG tgtFg 2

F ↓ #

FF I
&FA FB #A Y &

retro

functor cofunctor

functor + retrofunctor deltalens
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#XAMPLE: METRIC SPACES

* - x( & (x,d) infd(x,a). X
N

atx-y)
N

f ↑

Y *dIfic,fal d(xxy) . "
non-expansive map retro-non-expansive map

non-expansive map retro-non-expansive map weak submetry



EXAMPLE: TOPOLOGICAL SPACES

filter filter convergence

-
*

* * # x -z.x =xx * X
open

f W r ↑

Y Ro f(x) f(x) 3 ↑(x) ⑱ Y

continuous map ·pen map
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=>XAMPLE SUMMARY 5

Object Morphism Retromorphism Leng

category functor retrofunctor deltalens

= metric non-expanding retro-non-expanding weak

5pace map map submetry

topological continuous open continuous

space map map oen map



d istributive 1)OUBLE CATEGORIES filter monad 6

monoidal category notation 1) -Mat ↑Iiax(F)

objects A sets A sets A

functions functions
f

a rrows A B f:AcB f:AcB

M matrices functions

proarrows A B M(a,b) t <ob M: A FB

f
A C matrices exists if

&

cells M 3 N &a,b:M(a,b) NIfa,gb) glMaYINfa
B B for all atA

g



MONADS

Amonad is an endoproarrow T: A A equipped with cells
A A

A A T

unit ⑬ T A Y -multiplication
A A T

↓hat satisfy the usual unitality and associativity axioms.
T



MONAD UNITALITY

A A A A A A A A

·
T

T
T

L
A A Y T T T A A

S
T

T
T

⑬
T

A A A A A A A A
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MONAD ASSOCIATIVITY

A A A A A A

T T T

L
A T A A

T S L T Y T

A A S
T

A
L

T

T T T S
A A A A A A
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MONADS IN T3-MAT ARETS-CATEGORIES 10

C

set Con of objectsand noin objects ((a, b)
Cob Cob

Cob Cob 2

L
⑬ C Cob

S
2

Cob Cob C

Cob Cob

identity elements composition maps
ja: I C)a,d) ma,bc:((a,b)x((b,c) ((a,c)



NONADS IN IKIlax(F) ARE TOPOLOGICAL SPACES
N set X of points and

X X

neigbourhood filters Nice FX

X X

⑬ N < SAEX:<eA}2Nc < 3 every neighbourhood
of cc contains (c

X X

X X

I

L every subset ofX

S
↓a b nENNseNic < 3

Xhas open interior
↑

X X 11



MONAD MORPHISMS

Amonadmorphism from 3: A A to : B Bisacel

I
A B
y

S 3 T

A B
9

compatible with the units and multiplications of Sand T.
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COMPATIBILITY CONDITIONS

I I
A B B A A B
y

S 3 T S

9 L L y
A
y

B

S
T
... A

S
S 3 T

S 3 T S

A B B A A B
9 9

I
A A B A A

y
⑬ S 3 T ⑬ T

A A B A A
9
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MONAD MORPHISMS IN T3-Mat ARETS- FUNCTORS

object map(
Fob

Cob 1)ob

F
C > D

Cob PobFor
how maps

Fab: [(a,b) DIFa,Fb)
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MONAD MORPHISMS IN IKI1ax(F) ARE CONTINUOUS MAPS

x+ Y N tNfc
N 3 ↓<> fINdeNExc < 3 implies
X Y +"NENc
f

+ ((] =9B<Y: f"BtMY



COMPANIONS

Acompanion of an arrow f:A B is a proarrow f: A B

A A Af B

equipped with cells fo and to such that

A B B B
f

A A

f f
A A B A A fo A A

fo A B fo fo
f

A B B A B fo A B
f f

B B S



=XAMPLES OF COMPANIONS

f:A B has companion A B given by

1)-Mat 1 liax(F)
f ↑B

f. = (A >B;FB)
[.)a,b= Sta,b=

I if fa =bS O otherwise
f(x) =(52B:f(a)-+ 5]
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RETROCELLS

A A

f
CX A f. M

Aretrocell N
·

in is a cell
&

> C 3 B

DT
g

B N 9
o

D D
introduced by Pare
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NONAD RETROMORPHISMS

Amonad retromorphism from 3: A A to : B Bis a retrocell

Bx
9

A

T 3 S

B =g A

compatible with the units and multiplications of Sand T.
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COMPATIBILITY CONDITIONS

Bx
9

A A B BY
I

A
T

T 3 S T

9 L L P

BX
f

A

S
S
... B

S
T 3 S

T 3 S T

By A A B BY A
9 9

I
B B A A A

e

⑬ T 3 S ⑬ S

B Be A A A
9

19



NONAD RETROMORPHISMS IN T3-Mat
AREX-RETROFUNCTORS

Cob Cob D) IBC, d' I((c,c)
IQob). C CtF"<d'y

#
S

Bob 3 Cob S

D (ob).

1)ob Bob ESEcaRDId.d" Ec.. EC.c*8EciT
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NONAD RETROMORPHISMS IN IKI1ax(F) ARE OPENMAPS

simplify using monad axioms
X X

⑦ N ↓- Nc*

Y - X 47 ↓If(N.d < > impliesxx

N To ↑NENecc
Y Y

↑((] =9B=Y: BETA for some AEMY
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MONAD TRANSFORMATIONS

(A,Q)(U) (C,5)

a

Amonad transformation (9,71 ↓(hp) is a

A
e

C (B,R),fog)(D,T)
S

cells. "I that satisfies the following condition.
H.

B B
f
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COMPATIBILITY CONDITION

e e
A C 2 C A A 2 C

y

9.

a

-

S

C C

S

↑
S 9.

Q

A

-

C

S

↑
S

S T
e S

Ho S - S

B
f

B R C B 9.

a

- C C

R
3
- T

-
ho

Cho R Ho ho

B B D B B B B B
f f
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1)OUBLE CATEGORY (MUdretIDS 24

Let ID be a double category with chosen companions.
↑

nen Mndret(ID) has

objects: proarrows:

monads in B monad retromorphisms

arrOWS: cells:

monadmorphisms monad transformations

7)-Catret-Indret()- Mat) Top = Indret(Kliax (F()



SUMMARY FUTURE WORK
1)ouble categories with companions

· relationship between monad
are a good setting for understanding retromorphisms and bimodules.
general notions of lifting.

&MITTED
· retromorphisms as spans of
morphisms; and tabulators

· Compatible squares
· proxy pullback of lenses

· Lenses

·more examples
· Internal categories example



FURTHER READING

An introduction to enriched cofunctors

Bryce Clarke and Matthew DiMeglio

Retrocells Redux
Robert Pare

Monoidal topology
1in Hofmann, Gavin J. Seal, Walter Tholen


