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inferested in mathematical structures
with Two components

morphisms act on both components
in the same direcrion

from Paré’s retrocells

e

retromorphisms oct on them in
opposiTe directions



CYAMPLE: CATECORIES

®hg

C|A 5B A——1tB4| C
Fi I 1 3 1Y 1 F
D |FA——5F8 5A—2—Yy |
retro
funcfor cofunctor

functor + retrofunctor = delta lens



FYAMPLE: METRIC SPACES

| @) | dd RS & |
f i \V% /\ i\?
% i dfx,fa) = d{rx,u) r Y
non-expansive map refro-non-expansive map

non-expansive map + retro-non-expansive map = weak submetry
3



EXAMPLE: TOPOLOGICAL SPACES

filter filter convergence

4

X — =

Il

£[%] = ()

confinuous map

] ¥ > x
Xy =] &
Y = Fx) Tu
open map

—<%—)‘f><



- YAMPLE SUMMARY :
Object  Morphism ReTromorphism  Lens

‘cateqory functor retrofunctor  delfa lens
EJ mefric  non-expanding  refro-non-expanding  weak
R, I SPOCQ map map Smeei_rH

fopological continuous open confinuous

space map map open map



distributive

monoidal cmLegory
ob4ects
arrows

proarrows

cells

DOUBLE CATEGORIES

notation

A

V-Mat
sets A

functions

f:A—B
matrices

M(a.b)€ "V,

matrices

Oo.b: M(@,6)—> N(fa,gb)

filter monad ) 6
Kl g )

sets A

functions

f:A—B

functions

M: A—>FB

exists if
g [Ma] 2N fa

for all a.eA



MONADS

A monad is an endoproarrow T:A——A equipped with cells
A A

A A vl
unit e - A >— tr multiplication
A A Tl 4y
A A
that satisfy the usual unifality and assaciativity axioms.
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MoNnAD UNITALITY
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MONAD ASSOCIATIVITY
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MoNADS IN V-MaT ARE V- CATEGORIES 10

C
Cop—+— Cob

set Ces 0f objects and homobjects C(a.b)

Cob Cob
Cob Cob C\",
H - ic cob>» lc
Coi Cob C1 )
Ca Cob
identity elements composition maps

4o -1 Cla,a) Mase : Clab)e C(bc)— Cla.c)



MoNADS IN Kl (=) ARE TOPOLOGICAL SPACES

xLx set X of points and
neigbourhood filters N, e FX

ﬁ_.— )i(N <> {rexxenl2 N, <= evjfrinsggnigc};‘gh?d
X ——X
i | U N Moo N <= e subset of
NT >7 N vel. yem X has open Interior
X X 1




MONAD MORPHISMS

A monad morphism from S:A—2A fo T'B—B is a cell

T

A N
s LN
A3

Nl A4
o —— O

compatible with the units and multiplications of S and T

12



COMPATIBILITY

CONDITIONS
A A—3 >B
s >» .
A 1S > 1T
st L]
A A 3 >B
A A
t T
A A
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MONAD MORPHISMS IN V-Mat ARE V-FUNCTORS

hom maps
Fab C(ﬂ b)ﬁD(Fa Fb)
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MONAD MORPHISMS IN K\, (F) ARE CONTINUOUS MAPS

X;Y NeNgx
N o= (x <= TIN2N, <= implies

XT)Y j £'N € N
fM] = {BeY: £BeM}
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COMPANIONS

A companion of an arrow f:A—B is a proarrow f.:A +B
f

A= A A——B
equipped with cells 4 ~ {4+ and #f 4 4 such thot
A—58B B——28
A =— A
A=—A—>8B A A T 5 A=A
Hrif.—'H:HIH ATB:fi—iﬂ
A—>B=—B A—B t] 1§ A—c
g —— B 15



EYAMPLES OF COMPANIONS
FA—B has companion f.A=> B given by

\)‘Mcﬁ IK‘lO%(F)
£ (A8 FB)

_JI if fa=b
['f'.] ab gfa,b_ {O otherwise ]C(O. {SCB f(a)eg}
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RETROCELLS

cCe—f—n
A retrocell Ni N iM is a cell

Dé-T—B

introduced bg Poré

£t

N__

N\ 4
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MONAD RETROMORPHISMS

A monad retromorphism from S:A+A fo T:B+B is a retrocell

B¢ ] A
Ti = is
Be——A
compatible with the units and multiplications of S and T.
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COMPATIBILITY
Be—3 A A
i
T = 5;
B ¢ 3 A>»--S p—
2
T =235y l
B & A A
9
B Be—3 4
b — {13 s =
B B4——A

CONDITIONS

B Be—3 A

5

B}-«g ls

sl

B B¢ A
3

A A

A &

A A
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MONAD RETROMORPHISMS IN V-Mat

ARE V-RETROFUNCTORS
Co = Dide,d) —----- 72 Clee)
(D). T 5 1 i c'e®{d’] T
Do => Ca s
DDQ; (©) >, 84,42 D(dd) > 2, Cle, )@ Bpeg
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MONAD RETROMORPHISMS IN Kl (F) ARE OPEN MAPS

N--
Vv
Y

Y

2

X

v
Y

-+ \f’.

Simplifg using monad axioms
X f— )(
.+ TN Ne N,

= Nep 2PN = implies
\PNEN“P::

rM] = {BSYI B2TA for some AGM}j
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MONAD TRANSFORMATIONS

(AQ) E'DL €9

A

A monad transformation (q,‘f’)i Y fh}lf} S a

BR)—™— (DT
A——C ( )(f,’S) o

s

cell a.t = c that satisfies the following condition.

.

B:F—)D
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COMPATIBILITY CONDITION

A C C C —A——

« T T @i éis C
3.1 => C C >—--s 9.1 A——
TR AR = = e Si i
R?7;—>D g C C 8 ol > c C
t= 3 onf—4 R’Y p —
B—5—D D D s —8 D D.
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DOUBLE CATEGORY Mnd. (D) 24

lef D be a double ccﬂ'egorg with chosen companions.

Theﬂ Mndref( [D) h(]S

objects: Proarrows:
monads in D monoad retromorphisms
arrows : cells:
monad morphisms monad transformations

V-Cotret =Mndot(V-Mat)  Top = Mindet (Kl (F))



SUMMARY FUTURE WORK

Double categories with companions
are a good se’r’ring for undereranding
general notions of lifting.

OMITTED .retromor phisms as spans of

morphisms; and Tabulators

-re‘o’rionship between monad
retromorphisms and bimodules.

.Compatible squares

.proxy pullback of lenses
-Lenses

.more examples
Infernal categories example



FURTHER READING

An introduction fo enriched cofunctors

Bryce Clarke and Matthew D Meglio

Retrocells Redux
Robert Pare

Monoidal topology
Dirk Hofmann, Gavin J. Seal, Walter Tholen



