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Families of objeds and morphisms are
L/é/'qu/fous and fma’amem‘a/ in cofegorg Jrheorg,

Concept Family

cateqory € (C(x, 7))

X, €0bC
= (e s )
fund-or C—>p©o Y) D(FX, FY) XYeobl
=
Tx
hatoral C/ﬂ,t\g (F ¥ > QX> Xeobl

transformation ~\_/’
G



Tindexed che%or 1S
g = CO{egorS with a ferminal okjed’ 1

AY\ S_" 'lno\exi ng C CSfC(COc\'anr% Q_ ConS.\S'\'S QS:‘

forall TinS, a ategory € with C-=C
(o\ojed's and morphisms of C? are T-indexed ‘Sﬁm's[ies of-thoseof Q)

forall T2 K in S a fonctor N:Co =
(A reindexes K-indexed families q\onci )

such Mf Ars = AsAr o Aio\x = idcl‘ CO\'\QFQ(\‘Hj .
(ie. the dato forms a pseudofunclor S — Gatt)

Bxample (set indexi “3> Example (se\f ndexi n9>
S = Set S = finitely complete C
c=Nlc C=C/3

Ah (Y\e) kek = (Yr.j)jej Ar(Yi>I) = chosen PUUb:Q‘t Of 5 cﬂong r



Indoxed sums

An indexed code%ortﬁ has indexed sums .lJ[ each A has a
left odjoint L Hhat 1§ compatible with ré\no\ex"\na.

Propasthion

A aategory has srall sums i and enly if its s<F indexing has
indexed sums.

Zr (X-}\—]e—,‘j = (Z X%)\eek

Jer'iny

Proposition

The se\f index'mgof Q ‘F’m\’re\j compleis cm\'egorg s indexed sus.,
2, (XZT)= (X — K)




Extensivity

C . ..
An '\ndexed QQ’(egorg S’Pﬁ%ﬂ_ S ex\er\sme \{:

' it has indexed sums, and
- forall F:T—Kin € ardall Xin C7 $he fonctor
Let C/X— C/TX
is an equivalence of Coteqories.

Proposihion
A Cc’regorg is extensive. if and only it s set 'mdex'mg 1S too.

Proposihion
The self Ind=King of a f’m\’re\\s complete @Ry is extensiv.
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Universodihj of celf ir\o\exing

(5 =>Lex) | > ¢t
underlging C(ﬂ'egorﬂ

7N
FxtIndl ex L Lex
N

self indexing

N\,

(0722, 1) < |

Extensive finfely complete indexed categeries and
finﬂ'eltj continuoos indexed funclors Hhat preserve indexed coproducts




Universo‘\ﬁ'g of celf ir\o\exing

under|3in3 cat eqory

N
FxtIndlex +  Lex

S

self inJexing

(5°° 5> Lex) ct

s RN
JI(F,C) ¥
( Ny Ny
D°f e —>
D ?(_)) L_X) D/1 c D

Existence

S T L > K
3

Q HZJlIEHZKerrlk H2K8r1k> HzKlk

c' = (€72 €1y 25 ¢/ Byly 25 D/r)

Remarks
* Easterto prove strich fonctoriality and

uniqueness using fibrahons

- Need ex*ens'wd-g o show that
G is compatible with A

* Constrochion some o= Moens (1982)
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Indexed crorpicio) cofeqornes

A symmetric monoidal g-inolexing of a Skjmme{-ric manoidal cod'egorj V
is a pseudofonctor

V: &F — SymMonCat

where S is crtesian monoidal and viayp,

Example (set indexing)
S=Set \/I - ﬂV (Xﬂ)je‘y®3' (\‘/:'s)—jej - (X5®Y3)3q

3€T

Non-emmple (se\F index'\nq\

X

s=v  VI=V/T (X2 T)®s(vL73) = 7



Comonoids
A (COCOmmu‘\'Q'\‘NQ> comonaig \T Is an Objec\' I Cqu'spped. with Rrghisms

0\3:3—_>3-®3 and Sr:I—1%
comulhiplication ®unit+

subjed' to C‘OQSSOC'\QHV'\JV& , Qoun'\‘\’cx\\*‘j anc cccommu-h\%\idﬁ \aws .

CM\, = Co\'e%or':j of @voreids in VYV

Propositian
f V is cartesian moncidal, fhen Comony & Y

Proposihian (Fox 1475)
CMV is the Cofree cartesian moncidal cn‘tegora on V




Comodules

A T-comodule (X,x) is an object X equipped wdh a Morphkism

X —> JoX

coachon

that preserves comultiplication and counts.

Gomod ((T) = cotegony of J-comodules in'V

Propositian
¥V is cartesian monoidal, then Gomod (T = V/3




Comonoid ir\dex'mg

The cmornaid ’mde&‘\c\czs o{: x Ssmme-\v‘\c. conoida) Cq,re%arﬁ YV ok
nice equalises is the indexed cafeqory

Comed v Comon v —r SymMonGat

Proposi‘“on
If V is carfesian moncidal, fhen itis fiately complere a s
Qmencid index'mg is isomorphic with s self '\nc\evdng-




Morncidal QXJ(eng'W\hj

A symmetric. moncidal co'l'egm‘:s V is ('\r\ﬁm\-ars) moncidal extensive if
it has swoll meroducts and the -gund'or

2y ¢+ TV Comed ) (Ay) —> Comad, (I A4)

€Y 4e3 3e3

1S q\u.lqgs an equivalence of cateqories.

Example (Grunenfelder-Pare 1987) Veck

An indexed sgmme{-r}c monoidal ca’teaoruj V : 87— SymMonGat is
monoidal extensive if it has indexed copraducts and the {unclror

%, Comod ya(A) = Comod  « (BrA)

IS o«\wqgs On equivalence of aategories.



Univergalihj of comonaid ir\o\exing X

underlSEnS cq+e30rx5

Ex’r&@ Sym MonCat n Eﬁ_Stjm MonC(ﬁ'

\_/

comonoicl \'no\exing

¥ work in progress



Conclusion
* Comonoid ;ndezi\ng of nice ngmme\'r'lc, moroidal ccﬁeaar;es

generalises celf iﬁd@dﬁg of fim\'e\:j Smplkte qoteqorss

+ Toking the s=If indexing /comancid indlexing is right
ad J'oicﬁ' 1o -('Q\Q‘ung the unc:\er\jincﬁ cq‘rescctj

* There is o mancidal gereralisation of ex‘rens'\\rijri

Rdore uworle
* Finish che<king defils for reroidal cose

- Check moncidal version Q‘S: MQ@S’ H\ecfem
‘ InVes\-iCESC\’rQ links to linear dependent Types

+ Work. out link befuseen co’xe?o&es iafernal o acd
enriched in 9 Morsidal @ ey VIQA rroncidal e:éens]vijnj



