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1

Families of objects and morphisms are

ubiquitous andfundamental in categorytheory
Concept Family

category E EN.tl xiceobe

functor E
F
e c XY DEX FYI xiseobe

F

natural EYED FX ax xeobe
transformation

























































Indexed categories 2

S category with a terminal object 1

An E indexing I of a category E consists of

for all J in S a category IT with Q EE
objects and morphisms of EJ are J indexed familiesofthoseoff

forall r k in S a functor Ar Ek EJ
Ar reindexes K indexed families along r

such that Ars AsAr and Aid ides coherently
i.e the data forms a pseudofunctor Sor Call

Example set indexing Example selfindexing
s Set E finitelycomplete E
J II C E E J

ArYr kek Yr jet Ark J chosenpullbackof yalong r

























































Indexed sums 3

tn indexed category has indexed sums if each Ar has a

eftadjoint Ir that is compatible with re indexing

Proposition
A category has small sums if and only if its set indexing has
indexed sums

Er Xj jet Efren XI Kek

to position
The self indexingof a finitelycompletecategory has indexed sum

E X J X s k

























































Extensivity 4

An indexed category EP Cat is extensive if

it has indexed sums and

for all r J k in S and all X in CT the functor

Er CTX 0142 X

is an equivalence of categories

Proposition
A category is extensive if and only if its set indexing is too

Troposition
The self indexing of a finitelycompletecategory is extensive
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Universality of self indexing 5

so
0
Lex at

underyngcaegory

no e Lex

se f nde ng

popBIG Lex D

Extensive finitelycomplete indexed categories and

finitely continuous indexed functors that preserve indexed coproducts

























































Universality of self indexing 6

Existence

underyingcategory S J r
k

2C e LEX D HIII HIKIDRIK HEKE Rik

sef nde ng at et 041 I 042,1J H D FJ

Remarks
sore Lex at

7 easy
fly

Easier to prove strict functoriality and
uniquenessusingfibrations

at

Needextensivity to show that

Dopey Lex D I 2 D G is compatible with A

Construction same as Moens 1982
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Indexed monoidal categories 7

A symmetricmonoidal S indexingof a symmetricmonoidal category D
s a pseudofunctor

N SP SymMoncat strongsymmetric
monoidal functors

where S is cartesianmonoidal and N I D

Example set indexing

s Set NJ 7 Xj jest Yj je Xj Yj jeJ

Von example self indexing

s D N D J X J OJ Y Y J

























































Comonoids 8

A kocommutative co monoid J is an object J equipped with morphisms

dy J JO J
comultiplication

EJ J Iand
co unit

subject to coassociativity counitality and cocommutativity laws

Comon category of comonoids in 7

roposition
F D is cartesian monoidal then Comons I 71

roposition Fox 1975
Comon is the cofree cartesian monoidal category on 7

























































Co modules 9

t J comodule X H is an object X equipped with a morphism

x X S JaxX
coaction

that preserves comultiplication and co units

Comod J category of J co modules in 7

roposition
F V is cartesian monoidal then Comod J I 711J

























































Comonoid indexing 10

The comonoid indexing of a symmetric monoidal category 7 with
nice equaliser is the indexed category

Comod Comon SymMonCat

Proposition
If V is cartesian monoidal then it is finitely complete and its

co monoid indexing is isomorphic with its self indexing

























































Monoidal extensivity 11

A symmetric monoidal category D is infinitary monoidal extensive if
it has small coproducts and the functor

Ig It Comod Aj Comodo IE Aj

is always an equivalence of categories

Example Grunenfelder Pare 1987 Vectik

An indexed symmetric monoidal category N S SymMonCat is
monoidal extensive if it has indexed co products and the functor

Dr Comodys A Comodyk Era

is always an equivalence of categories

























































Universality ofcomonoid indexing 12

underlying category

ExtegIndsymMoncat EqsymMoncat

comonoid indexing

work in progress

























































Conclusion 13
Comonoid indexing of nice symmetric monoidal categories
generalises self indexing of finitelycomplete categories

Taking the self indexing co monoid indexing is right
adjoint to taking the underlying category

There is a monoidal generalisation ofextensivity
Future work

Finish checking details for monoidal case

Check monoidal version of Moens theorem

Investigate links to linear dependent types

Work out link between categories internal to and
enriched in a monoidal category via monoidal extensivity


