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ReECAP OF HILBERT SPACES
AND DACGER CATECORIES



A Hilbert space is a vector space X equipped with
an inner product <-[—7: X »X = C whose associated
norm is Cquchg complete .

A linear glelo f: X —=Yis bounded If thereisa C >0
suchthat I fx il < Clix].

The Hermition adjoint of o bounded linearmap §: X = is
The bounded linear map 'Y —X where {y s uniquely

determined by the equation <{fx[y) =<x|fy).



A dagger category is a category C equipped with a functor
(=) C® —=C
such that X"=X and ™= T

Let Hilb dencote the dagger cafegory of Hilbert spaces

and bounded linear maps.



The Hilbert space 0={0f
is a zero object of Hilb.

The zero morphism O, : X—>Y
s given by O,,x = 0.



A morphism f: XY is
A bounded linear map f:X=Y | dagger monic if {*f=14
s an isometry if
ol =l> . In diagrams -
>—— 1S dagger monic

A bounded linear map f:X=Y | —» is dagger epic

IS an isome+rlj It and only if The daggermonos in Hilb

JC+JE = 1x- are the isometries.
Isometries represent closed Let Mono(C) be the wide
subspaces. subcategory of dagger

monos ijn C.



The kernel of'a bounded |inear
mop f:X—Y is the subspace | A dagger kernel of a morphism

Ker § =§xeX: fx=0] f:X=Y is a dagger monic

equaliser of - and O .
of X with the restriction
of the inner product of X .

In Hilb, every morphism has
a dagger kernel.

The canonical inclusion

Kerf =X 1s an (somei'rlj.



The direct sum of Hilbert A dagger coproduct of objects
spaces X and Y is the space | X and Y Is a coproduct
_ (XeY, 1,,4,) of X and Y
KoY = 8) > <Xy=} | such that 1. ond <, are

with the inner product orthogonal and daggermonic.

X x’ _ 9 ’
<(9) (‘5)> = () +uly): All dagger coproducts are
biproducts where
The canonical infections p.=tf and Pp,=1.

kKoY iV KeY
tx=(5) M y=(9) |InHib, every pairofobjects
are orthogonal isomefries.” | has a dagger coproduct:




ULTRARATIONAL
DAGGER CATEGORIES



Wan1 simple categorytheorehic axioms fthat
capture the fundamentol properties of Hilb .

Similar Yo abelian cateqories and Ab.



A dagger category C is ultrarational if
(U1) 1t has a zero object,

(U2) every pair of objects has a dagger coproduct,
(U3) every morphism has a dagger kernel, and

(U4) every diagonal morphism A:X— XeX s a kernel.

pu
=

FHilb are ultrarational.



Properties of ultrarational dagger categories.

-Uniquely enriched in Vecf .
. Have finite dagger equalisers.
.Have (epi,dagger mono) factorisations and are regulor.

-Every dagger mono is a dagger coproduct ingection.
(has an orthogonal complement)

-Each endomorphism algebra is canonically partially ordered.



RATIONAL DAGGER CATEGORIES

MATTHEW DI MEGLIO

ABSTRACT. The notion of abelian category is an elegant distillation of the fundamental properties
of the category of abelian groups, comprising a few simple axioms about products and kernels.
Whilst the categories of real, complex, and quaternionic Hilbert spaces and bounded linear maps
are not abelian, they satisfy almost all of the axioms. Heunen’s notion of Hilbert category is an
attempt at adapting the abelian-category axioms to capture instead the essence of these categories
of Hilbert spaces. The key idea is to encode Hermitian adjoints with a dagger—an identity-on-
objects involutive contravariant endofunctor. One limitation is the symmetric monoidal structure,
which is used to construct additive inverses of morphisms; such additional structure is not needed
for the analagous result about abelian categories, and it excludes non-commutative examples like
the dagger category of quaternionic Hilbert spaces.

This article introduces the notion of rational dagger category—a successor to the notion of Hilbert
category whose theory is closer to that of abelian categories. In particular, a monoidal product is not
required. They are named after their enrichment in the category of rational vector spaces. Whilst

the dagger categories of real, complex, and quaternionic Hilbert spaces are the motivating examples,
others include the dagger categories of matrices over a formally-complex involutive division ring
and of finite-dimensional inner-product spaces over a semiordered involutive division ring. Also

introduced are the notion of orthogonally complemented dagger category, whose axioms capture the
connection between orthogonal complements and coproducts, and generalisations of the notions of
dagger monomorphism and dagger product, called dagger section and orthogonal product, which play
an important role in the theory of both orthogonally complemented and rational dagger categories.

Available soon at

https :/ mdimeglio.g|'+hub-io



CONTRACTIONS



A linear map 7:X—=Yis a

contraction if x| <lIxll. |Ina dagger category C with
dagger biproducts, §:X =Y

Acospan dilation (a,,A0.) of a | is a contraction if f=a/ta,

contraction f: X—=Y is a cospan | for some cospan

X—% Ay Yo A=Y

of isometries such that a.a.=f. | of dagger biproduct injections.

(=) (©) Fquivalently  XeR—<—YeS
Pe

X > XoY < Y | exists unifary ilf i
is a cospan dilation of fiX=2Y|uwXeR—YeS  X—F—Y




Contractions form a wide dagqger
subcategory Con(C) of C.

Le]eS
"P:L,)_




In on ultrarational dagger category,
f:X=Y isa contraction ifand only if f7f<1,.

exists a:X—Ye§
fffg1 such that

afa=1, and pa=f

X /s

exists s:X—5 exists s:X—S
such that = such that
ffrss=1, (F.sY(fs)y =1,



DIRecTED COLIMITS OF
CONTRACTIONS



Tn Heunen and Kornell’s characterisation of Hilb ,
directed colimits in Mono'(C) encoded completeness.

4:‘ —e) Tir T3 Loz o4 @ N
I' y 7 1 )—"—)jL ke ¢ '-ll_ — e 1

Obtained indirectly via Solér's theorem



In my last talk here, L showed how to constroct
infima of decreasing sequences of positive scalgrs
using directed colimits in Con(C).




Can we construct
directed colimits in Con(C)
from those in Mono(C) ?



VAVANVENS



AN,
NN
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N
VARERN
INSNN
VAV AN Y

Mond(C)/X — 2

> (Mona (C)/X) ™



N
VARERN
INSNN
INSNSN

Mond(C)/X — 2

> (Mona (C)/X) ™



SN Dewdoe b
/Q\\ /\ diagonals?
NSNS \
./ \/ \/ \ /

‘\\\\i//



Need a way to relate different
cospan dilations of the same confraction

b, b,
A

>
X ;




A cospan dilation (a., A,a,) of a contraction f:X—Y
's minimal if r all cospan dilations (b,,B.b,),
there is a unique dagger mono m:A— B such that
the following diagram commutes.

B
RN
A
o &

X LY



In an ultrarational dagger category, every
contraction has a joinfly epic cospan dilation.



In an ultrarational dagger category, every
contraction has a joinfly epic cospan dilation.




In an ultrarational dagger category, every
contraction has a joinfly epic cospan dilation.




In an ultrarational dagger category, every
contraction has a joinfly epic cospan dilation.




In Hilb, 4ointly epic cospon dilations are minimal.




LEMMA® In Hilb, jointly epic cospan dilations are minimal.

AN
//\ w\\

X > =. > XoY < <Y

"has dense i \maqe




LEMMA® In Hilb, jointly epic cospan dilations are minimal.

/
//\ w\\

X > =. > XoY < <Y

"has dense i \maqe




In Hilb, 4ointly epic cospon dilations are minimal.

m is confinuous linear
extension of

[alaz][fj - (b, bz][I] / E
//\7 W\\

X > =. > XoY < <Y

has dense image




In Hilb, 4ointly epic cospon dilations are minimal.

m is confinuous linear

Well defined because
extension of b, bz] b, bJ b b, bb

ooy - “’Mﬁ / _ ibff’bd
A b. ~ b f 1y,
//\7 [Q\=[a1q2]+[alqj

X > =. > XoY < <Y

has dense image




Ina suﬂcicienﬂtj nice ultra rafional dagger coﬁegorg,

X =L
=2

eT R
AT
fJ'f:e’re

The dagger mono g is called the exfension of f along e.
It is unique because e is epic.
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