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A Hilbert space is a vector space X equipped with
an inner product <-1-) : XxX : K whose associated

norm is Cauchy complete .

A linear map f
: X ->Y is bounded if there is a >O

such that IIfccIl<CIKcII .

The Hermitian adjoint ofabounded linear map f :XcY is
the bounded linear map f

. ↑X where fly is uniquely
determined by the equation (fcc(y) =<x)f +y) .
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A dagger category is a category (equipped with a functor

- +
: COP > [

such that xt= X and ftt = f .

Let Hilb denote the dagger category of Hilbert spaces
and bounded linear maps .
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The Hilbert space 0
= 903

is a zero object of Hilb .

The zero morphism Oxy :X
/

is given by 0x
,

= 0
.



A morphism + : X <Y is 4

A bounded linear map fix-Y dagger monic if ftf= 1x .
is an isometry if

11 fccll = Ik<II
.

In diagrams :
is dagger monic

A bounded linear map fix-Y is dagger epic
is an isometry if and only if The daggermonos in Hilb

fif = 1x : are the isometries
.

Let Monot)() be the wide
Isometries represent closed subcategory of daggersubspaces .

monos in C
.
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The kernel ofa bounded linear

map f :XiY is the subspace A dagger kernel of a morphism

Kerf = [xeX : fxc = 03 f : X Y is a dagger monic
equaliser off and Oxis .

of X with the restriction
of the inner product of X .

In Hilb
, every morphism has

a dagger kernel .
The canonical inclusion

Kerf -X is an isometry .



The direct sum of Hilbert A dagger coproduct of objects
spaces X and Y is the space X and Y is a coproduct

/ &Y
,
in
,
iz) of X and Y

XaY = ((y) :x =X , y =Y) such that is and iz are

with the inner product orthogonal and daggermonic .

Py) P39) = xx + y y :. All dagger coproducts are
biproducts where

The canonical injections P=
= is and Pc

= is
11 : A is : Y X * Y

and
i Pol i24(8) In Hilb

, every pair ofobjects
are orthogonal isometries .

has a dagger coproduct. 6



ULTRARATIONAL

DAGGER CATEGORIES
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Want simple category theoretic axioms that
capture the fundamental properties of Hib .

Similar to abelian categories and Ab .



DEFINITION : A dagger category is ultrarational if
8

(UI) it has a zero object ,
S

M2) every pair of objects has a dagger coproduct ,
13) every morphism has a dagger kernel andI

(4) every diagonal morphism A : X < XeX is a kernel .

Hilb and FHilb are ultrarational
.
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Properties of ultrarational dagger categories :

· Uniquely enriched in Vecta .

· Have finite dagger equalisers .

· Have lepi , dagger monol factorisations and are regular .

· Every daggermono is a dagger coproduct injection .

Chas an orthogonal complement)

· Each endomorphism algebra is canonically partially ordered .
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Available soon at

http's : // mdimeglio github . io



CONTRACTIONS



A linear map f : X-Y is a DEFINITION : il

contraction if IIfccll <IKII . In a dagger category with

dagger biproducts , f : X +Y
Acospan dilation (a_ ,A ,A2) of a is a contraction if f = a,=
contractionf : X-Y is a cospan for some cospan

C1 Az
X a= A G2 Y X I A I Y

of isometries such that aca-f
.
of dagger biproduct injections .

U

r1,* ) (1) Equivalently XGR H <YAS
1

X X&Y Y exists unitary in =P1
W

is a cospan dilation of fixcY.
u:XaR <YES f >Y



PROPOSITION : Contractions form a wide dagger 12

subcategory (12) of C .

IGTES
7

b& 1s
I

- P1
, 2

Y
7

-

YAS ZA
A D... iP1 I

7

-P=
V

X
S
-

9
2



PROPOSITION : In an ultrarational dagger category , 13

Fix Y is a contraction if and only if flf- 1x .

exists a :X YYES

ftfx1x
such thatErn Emineata = 1x and p,= f

~ 2
~ W

exists s : X <S exists s : X <S

such that such thatStre Emet

fif + sts = 1x () (f
,S) (f , 5) = 1x



DIRECTED COLIMITS OF

CONTRACTIONS
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In Hennen and Kornell's characterisation of Hlb ,
directed colimits in Monot(2 ) encoded completeness .

- I - - i -> EIN
3 I >23 ,

- *4

) ...t
,
ix1q3ix2 ,183 I

/
I

j
,

in
is

j
I

I

I

I
771

I

Obtained indirectly via Soler's theorem



In my last talk here , I showed how to construct 15

infima of decreasing sequences of positive scalars
using directed colimits in Con(2) .

I

31 Cz C3 C

X 1 CCC=

* X2
x

-= Xa 888

2 3 2

x3
-=

CCC
=

= 3

CCC=
*

X

x (! , c = infectC



16

Can we construct
directed colimits in Cn(C)
from those in Monot(C) ?
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- ↑

- ↑ ↑W
~

W W

-

7 -

--

E
.

I
...B - -
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-

e

- W

-·.
.

n

-L
- -

W
~ ↑ W ~

7 - 7

W -↑
- - 7 -
- - - -
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:
-

W

- gA7 7
We

e

~ W

W

... -

.. ..
WI~ ~

7

-

- 7

-

~

↑

-

W
~

~ W ~

- - ↑ 7 -
- - S *
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↑

- g

7 e:We ~

7

7 - 7 --

i
↑

~W
~

~ W ~

- - ↑ 7 -
- - S *

(-
-

Monot? ) X - (Monot( ) X)
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↑

W
-/ g

M

~

~

~

-

-

A- 7
We

e

..W-
. ...I~7 i 7

-

~

↑

-

W 1
.

~ W ~
- ↑ 7 -
- - S * >

(-
-

Monot? ) X - (Monot( ) X)
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How do we form
a cocone on the

↑

diagonals?
W -

- gAW ~

7 -

7 -

W - W ~ ↳ -

-

I
.

-

↑ 7

↑

-

~
&

B - - S * >

W - W W

-
- -

W W - W

⑧ 8. ⑧ 8

I ↑
- >

S
/

-

I
-

Tr 88. 7
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Need a way to relate different

cospan dilations of the same contraction

B
7

b1 E ? bat
↳

↳A
7 ↑

· X
7 C1 Az

-

x -Y
f



DEFINITION : 18

A cospan dilation (a ., A , az) of a contraction fiX Y

is minimal if for all cospan dilations (b 1 ,B , b2) ,
there is a unique dagger mono m : A B such that
the following diagram commutes .

B
7 -
1

B1 Im z7

7
A

= -
/

I 7 = a +Y/ 2



LEMMA : In an ultrarational dagger category , every 19

contraction has a jointly epic cospan dilation .

Br

B
= Dz

T

X "Y



LEMMA : In an ultrarational dagger category , every 28

contraction has a jointly epic cospan dilation .

Bi

B
= (b= b) Dz

T T

X = =Xa.Y =
iz
Y



LEMMA : In an ultrarational dagger category , every 20

contraction has a jointly epic cospan dilation .

Bi
-M

b = -(b= b) 1 Dz
X+Y
-

T

X = =Xa.Y =
iz
Y



LEMMA : In an ultrarational dagger category , every 28

contraction has a jointly epic cospan dilation .

Bi
-M

B1
I (b= b) 1 Dz

7 X
+Yi

17

a " - Az

I

/

/ YI = ↑ X&.Y =
iz



LEMMA : In Hilb
, jointly epic cospan dilations are minimal . 21

Br

B
= Dz

A
> i

x
*

a 92

My



LEMMA : In Hilb
, jointly epic cospan dilations are minimal . 21

Br

17

B1
I (b= b)"A

(a , an]
/

Dz

a -
T

Az

/ W i
,Y-I =

i

↑ Xa.Y =
I
iz

has dense image



LEMMA : In Hilb
, jointly epic cospan dilations are minimal . 21

B
7

5

-

-M

B1
I (b= b) A

Dz

17

" !
(a , an]

/

7 T

a - Az

/ W i
,Y-I =

i

↑XaY= , ie
has dense image



LEMMA : In Hilb
, jointly epic cospan dilations are minimal . 21

m is continuous linear

extension of

7
5canany) : -bally) B
-

-M

T 7

B
= (b= b." !

/

DzI A
7 T

a - Az

/ =
i

can
is

i
,YI ix

has dense image



LEMMA : In Hilb
, jointly epic cospan dilations are minimal . 21

m is continuous linear Well defined because
extension of b

.
D2

canany) : -bally) B (b= b)
+

(b = b-)==

- bib)7
5

-

-M

T 7

B
= (b= b." !

(a , an]
/

D2
=II A

-

a
7
-
T

Az = (a-9) a= 92]

I iXY= Y/ =
i

W
is

has dense image



HOPE (Part of Douglas' lemma) : 22

In a sufficiently nice ultrarational dagger category ,

X I 7
,

9

9

1-
B
-

A Af

ftf = ete

The dagger mono g is called the extension of f along e .

I is unique because e is epic .



23

Available soon at

http's : // mdimeglio github . io


