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LaeeLLED TRANSITION SrsTEMS
Used to describe the possible behaviours of discrete processes.

S ExampLe: Vending Machine
set of states /chocilde\
A Off o > On
setof actions \/
biscuit+
—> £ Sx8 S = {On, OFF}

transition relation
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FuncTionaL STRONG BisiMuLATIONS
A function T:S=T whose graph is a strong bisimulation.

ProposiTION:
spans of functional splhl surjed'ion | bisimulati
s"ronc] l)iSl.MU'Q'I'iOnS é S rong iIsimuilaTtions
el X5 T > Im(f, £) s SxT
S R T « R< SxT

(S, Tand X are A-labelled transition systems)



V-EnricHeD AsyMmeTRIC LENS 4

FA—B
Fa-,a' F ) E,b' s
Alag)—Blfafa)  As—B. Blabl=2% Alaal
hom maps object map Iifting maps
A% "V -ENRICHED CATEGORY V-ENRICHED ASYMMETRIC LENS
Set category delta lens
wSet weighted category weighted lens
(0,=1,) metric space weak submejrrg

V is a distributive monoidal ca+egor5



A-labelled transition systems = P(A)-enriched graphs

S N Set
set of states set of objects
—% 5 2 SxS S(s,s") ¢ P(A)

transition relation s—>s & wed(s,s) hom objec+
for each xe A forall S,S’ES



A-labelled transition systems = P(A)-enriched graphs

functional strong bisimulations = asymmetric lenses

A function £:S=T suchthat A function f:S.,~°T.. such that
(1) s—> 5" implies s <1, 1y S(s,s7) € Tlfs fs).

(2)fsl>'€ impll'es exists ¢ ’ Q) GT(]CS'F) c U 8(‘5,3’).

with s> s>and fs'=¢ o eF L)



A-labelled transition systems = P(A)-enriched graphs
functional strong bisimulations = asymmetric lenses

strong bisimulations = 7



'V-EnricHep BisiMuLaTION
A relation R< A, x B., together with mo

Ala a) —F= 7 Blb.b) Ala,@) <=2 B(b,b)

b: (a b')eR a: (ab')eR

are compatible with identities and composites.

These dont compose !
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'V-EnricHep BisiMuLaTiON
A relation R< A, x B.. such that

Aa,@) € VBb,b) ad VAla,a) < Bb.b).

b: (o b')eR a: (ab)eR

These do compose:

(a,b) € R < AuxB. (b,c) €S < B xC.,
A (a,a) € H:M)en Blbb) < \/ \/ C(c c) < mp's Clcc)

For gr\aphy Vis a suplattice For ccnlegories: Vs a quantale



ExaMpLES

strong bisimulation of bisimulation of
A-labelled transition systems — P(A)-enriched graphs

Wweak bisimulationof  _ bisimulation of

Au{zl-labelled transition sgs’rems_ P(A*)-enriched categories

bisimulation of _ bisimulation of

Kripke frames I /-enriched graphs



ProposiTION: g

spans of V-enri hed lit surjecti V-enriched
astimme'ch ‘:n:e: SP'SU—JM) bisimulations
A.<=X, 5B, H Im<f.£)
A FR _>Bb Rngbeob

Ra=R R( () =Ala.a)AB(b, by ©

(a.b)eImd.f) & f.x=a and f.x=b forsome x<X.,
Ala.a)= Alfx, a)s \/ X, x) < V., Bltxf.x) = V B(b,b)

b':(a'b)
eIm{f.f)



ProposiTION: g

spans of V-enri hed lit surjecti V-enriched
astimme'l"mc ‘:n:e: SP'SU—JM) bisimulations
A.<=X, 5B, I—> Im<f.£)
A FR _>Bb RS.A,obeob

R&=R R( L(#)=A@.@)AB(b.E) ©
Rirr) = Alm.r, m.A)AB@r mr) < Ale.r, )

Alrtr, @) = Alrtr, ) A Alitr,a) < Alren,a) ALY, Bit.r B)
=V _Almra)ABmrb) = V., Rirr)

b':(a'b')eR



ProposiTioN: 3
spans of V-enriched Splhl surjection V-enriched

astimme'l"mc lenses —_— bisimulations
A<=X, 5B, = Im<f.£)
- T,
A =R 7> B, R < AxB..

R.=R R(®.)=Ala.a)ABb.b) ©

local reflection”

AN

V-LensSpan(A, B) «— =% V-Bisim(A,B)
bicategory when "V is
,ocaHg comp\ejfe\ﬂ distributive *G oo Walker’s PhD Hhesic




SUMMARY
Enriched bisimulations
- generalise several common kinds of bisimulation

. are equivalence classes of SEOnS of enriched asymmetric lenses
- are only defined for thin bases of enrichment

QUESTIONS
- What are the bisimulations for other common quantales ?

» What other parts of bisimulation theory generalise ?

https://mdimeglio. github.io
https://bryceclarke.github.io



