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LABELLED TRANSITION SYSTEMS 1

Used to describe the possible behaviours of discrete processes.

S EXAMPLE:Vending Machine
setof states chocolate

A
Off

coin
On

setofactions

biscuit

0

e SXS S [On, Off3
transition relation
for each atA A[coin, biscuit, chocolate3



STRONG BISIMULATION 2
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13 and T are A-labelled transition systems)



FUNCTIONAL STRONG BISIMULATIONS * 3

Afunction f:3 whose graph is a strong bisimulation.

PROPOSITION:

spans of functional split surjection
Strong bisimulations strong bisimulations

S
fa fz Im faetz= 3 T

9
i
=Riz R =3 T

13.T and Xare A-labelled transition systems)
*Also called abstraction homomorphisms and pure morphisms



7-ENRICHED ASYMMETRIC LENS 4

F:A B

F F

Alaa"Bla.Fal Aon Boy BIFA, by
Far

Ala,al
atE

-

Eb'3

hom maps object map lifting maps

D X-ENRICHED CATEGORY X-ENRICHED ASYMMETRIC LENS

Set category delta lens

~Set weighted category weighted lens

(10,0],) metric space weak submetry

D) is a distributive monoidal category
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Alabelled transition systems PIA) enriched graphs

S S Sob Sob

setof states setof objects

0

e SXS 8/s,si -P(A)

transition relation s 0s ( ) xe8/s,si hom object
for each atA foralls'S



S

Alabelled transition systems PIA) enriched graphs

functional strong bisimulations asymmetric lenses

A function f: S such that Afunction of:Son to such that

11s "simplies fs o fs, 11) SIS," =TIfs,fs%),

(2)fs & ->implies exists so 12) [Ifs,t =U SIS,s'.
with s X sand is to S'ef"[t]



S

Alabelled transition systems PIA) enriched graphs

functional strong bisimulations asymmetric lenses

strong bisimulations .



D- ENRICHED BISIMULATION 6

Arelation R=Aon Botogether with morphisms

Ala, al Ka,ab Blb, b' and Ala.) RannBID,b'
b':(a,b)eR a:(a,b)eR

thatare compatible with identities and composites.

Thesedon'tcompose I
⑧ ⑧ ⑧ ⑧

is a distributive monoidal category
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D- ENRICHED BISIMULATION 6

Arelation R =A. B. such that

Ala, al B(b,b' and Ala. al BID,b'.
b':(a,b)eR a:(a,b)eR

These do compose:

(a,b) e R =Aon Bob Ib,c) eS =Bob Cob

A (a,a
saber
Blb,b'

b':(aibeR c:(bic)e S
C1c.(

=(a:eRis
2IC.(

For graphs:1) is a suplattice For categories: 7 is a quantale



EXAMPLES 7

S trong bisimulation of bisimulation of

A-labelled transition systems P(A)-enriched graphs

weak bisimulation of bisimulation of

ArSt]-labelled transition systems P(A*)-enriched categories

bisimulation of bisimulation of

Kripke frames 2-enriched graphs



PROPOSITION: 8

spans of D-enriched split surjection D)-enriched

asymmetric lenses bisimulations

2Aob f1
Job fz Bob Im (f_,fz)

Aor **Ron* Bob
R =Aob*Bob

Rob R R1151,(5i)) Ala.a BIb,b

(a.b) = Im(f,fz) > > ficc a and fixc bforsomecceAob

Ala.9 Alfe,al
e
XK.) ceaB(fC,fz)( Blb,b'

b'((f.,fz)



PROPOSITION: 8

spans of D-enriched split surjection D)-enriched

asymmetric lenses bisimulations

2Aob f1
Job fz Bob Im (f_,fz)

Aor **Ron* Bob
R =Aob*Bob

Rob R R1151,(5i)) Ala.a BIb,b

RIrr Alter Sir BISTer, 2M Alter, ser

AlTer,9 AlTer,9 Aler,Aler,) bcaDeRBIKzr.b
b'caibeR/(Kar. 9: BIKzr. -era(r,ri



PROPOSITION: 8

spans of D-enriched split surjection D)-enriched

asymmetric lenses bisimulations

2Aob f1
Job fz Bob Im (f_,fz)

Aor **Ron* Bob
R =Aob*Bob

Rob R R1151,(5i)) Ala.a BIb,b

local reflection

-LensSpankt. B) ~ D-Bisim(A,Bl
bicategory when X is

locally completely distributive See Walker'sPhD thesis



SUMMARY 9

Enriched bisimulations
· generalise several common kinds of bisimulation
· are equivalence classes of spans of enriched asymmetric lenses
. are only defined for thin bases ofenrichment

QUESTIONS
·Whatare the bisimulations for other common quantales?
· Whatother parts ofbisimulation theory generalise?

https://mdimeglio. github.io
https://bryceclarke. github.io


