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1
Quantum mechanics is founded on the theory of
Hilbert spaces and bounded linear maps.

-

he quantum reconstruction programme seeks more-intuitive
mathematical foundations for quantum mechanics.

The category-theoretic approach identifies the essential
structures and properties of categories ofHilbertspaces.

Theseshould eventually inform the design of
programming languages for quantum computers.



THEOREM (Hennen and Kornell): identity -on-objects anti-involution (-1t
- encodes Hermitian adjointsAmonoidal dagger category in which

enrichment in commutative monoids

· finite dagger biproducts exist X
f +
gy

A -
W

X*L IYEY
· dagger equalisers exist I

fAg

#==HomlI, I) is a field and char (II) =0
· monoidal unitis simple
· wide subcategory of dagger
monos has directed colimits

#is Dedekind complete

:

is equivalentto Hib. 2



SOLER'S THEOREM: 3

LetX bean orthomodular space over an involutive division ring IK.
IfX has an infinite orthonormal subset, then IKER,Dor
and X is a Hilbert space.

I
i=
I
B2 1,2

↑*3
[1,2,3 I*4 885

(2)I)

This idea will not work for FDHilb.
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GOAL:

Prove that I is RRor&withoutSoler's theorem.



S

Non-negatives contain 1 and closed under (-)-I

Every elementis a difference of non-negatives

THEOREM (DeMarr 1967): E
All Dedekindo-complete partially ordered fields are isomorphictoRR.

Non-negatives have intima of

non-increasing sequences
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PROPOSITION:

#sa=(ze1:2 =2t) is a partially ordered field
with ab Exb-a =x for some (c:IX.

PROOF:
a =Isa a2 =a

+

a xtc.y
+

y =D(xy)
+

k(xy)

C.IiX a =I(a +2)2-4(a2 +4) x+y
+

y =x,y)
+

x),y)

y:1xY 1=11 ((+x)=((+x)
-2)
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PROPOSITION:
#

is Dedekind o-complete if wide subcategory
of contractions has directed colimits.

f:X Y such thatfif + FF =1 for some F: X-Y

LEMMA:Ifas 0, then a =cctfor some isomorphismcc:I=X.

y(y+y)
-

'y +
- y

a
=

y
+

y ↓

-
Y Y cct=xeex

↳ 1

PROOF: for some x
X

e

W
=y+y

y:I=Y dagger equaliser =a



PROOF: xIY()(2)(z) ... 1 =(i)(i)(i),+4(i)(,1)(j +1),8

C:X; iso
lowerbound contraction

y:=xY

xC;y
+

y xt) =xi)),y
+

PC,4);((I)C;

1 =xi)(i),-,y
+

y),- I

greatestlowerbound 31 Cz C3 C y

/ W 888contraction 1
C2) * X2

CCC2
* /

3
3

3xtc x
+ffx CC:

* x3
-7

CCCI
*

x+(((,y
+

ff()),4)(1 N
X

N N

x,t(y),4+(y),4)(1 yx* yx* yx f I
y
+

y Y



THEOREM: 9

#RR or II=K if wide subcategory ofcontractions has directed colimits.

PROOF:
#saFIR by DeMarr's theorem. Suppose thatueIlIs. Let

↓ - ut
i=

- (U-U+)2.

Then [1, i) is a basis forover Isand i=-1.

QUESTION:
Can directed colimits ofcontractions be constructed from those of dagger monos?


