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Quantum mechanics is founded onthe theory of
Hilbert spaces and bounded linear maps.

The quantum reconstruction programme seeks more-infuitive
mathematical foundations for quantum mechanics.

The category-theoretic approach identifies the essential
structures and properfies of categories of Hilbert spaces.

These should eventually inform the design of
programming lanquages for quantum computers.



THeorem (Heunen and Kornell):

A monoidal dagger category in which

_idenJrth-on—ol)J'ed's anti-involution (*)Jr

_encodes Hermitian qdjoimts

' enrichment in commutative monoids

-finite dagger biproduc’rs exis’r] AI{_S’}

)@XWY@Y

-dagger equalisers exist

:][ =Hom(LI) is a field and char(IL)=0

- monoida| unit s simple

- wide subcategory of dagger - |
monos has directed colimits J L][ s Dedekind complete

s e.quiva|en‘r fo Hilb



Let X bean orthomodular space over an involutive division ring K.
If X has an infinite orthonormal subset then K2 R,C or H
and X is a Hilbert space.
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This idea will not work for FDHilb




Prove that T is R or C without Soler's theorem.




Non-negqﬁves contain 1 and closed under +.=

Ever3 element is a difference of non—negcn‘ives

Treorem (De Marr 1967):
All Dedekind o-complete partially ordered fields are isomorphicto R.

k Non-negaJrives have infima of

non-increasing sequences




ProposiTion:
L= {zeL:z=z"} isa partially ordered field
with a <b&b-a=xx for some x:I-X.

PROOF:
ae I, 0*=ata XX - Y'Y = (Xey)(xey)
x:I—=X 6=%(0+2)-7(a*+4) XYY =Qeyy Oy

g=I—>Y 1=T1 (") = (x'x)*X'X



L, is Dedekind o-complete if wide subcategary
of contractions has directed colimits.

£:X—=Y suchthat +1f+1f =1 for some F‘-X—;\?

i a >0, then a=x'x for some isomorphism x:1->X.
y y(yty)'yr
a=yy | I />Y —Y | xX'x=x'e'ex
for some R AT = H+H
HI_)Y dqgger equo\iser =Q




X: X 2 XG> - 1= PP &0 & Sl ¢l ¢/ H on

. IS0
HI—>Y = I_)XJ lowerbound  contraction

X{X; 2 Y'Yy X = X007 )Xs € XX

L =2 > xy'yx;

greatest lower bound

contraction
xtx > xHffx
=, (xx ) ex;)x,
= X(Yx5) (Yxi)x,
=Yy




IR or I=C if wide subcategory of contractions has directed colimits.

s R by De Marr’s theorem. Suppose that ueI\T,,. Let

, w-uw
1 = \/_(u_u'l')l‘.

Then{1,4} is a basis for I over I, and <*=-1.

Can directed colimits of contractions be constructed fromthose of dagger monos?



